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Allosterism of the Monad type applies only to systems with more than one binding site and two (noncooperative) states with intrinsic 
binding constants. Allosterism is then defined by an interconversion constant L, ( > 1) and a ratio of intrinsic binding constants, c 
( < 1). The value of c determines whether weak or strong cooperativity among binding sites prevails. Cooperativity is weak, if 
1) c > 0.1, and strong, when c 2 0.1. Cooperativity is the stronger, the smaller c. Cooperativity may exist only between a restricted 

number of binding sites. The binding of Ca2+ to calmodulin shows this behavior under certain conditions. An (internal) indicator for 
binding may signal binding to both states or to only one. The results would be quite different with the extent of the difference 
determined by the extent of cooperativity (c in relation to the particular L, near 1). The size of L, cannot be ignored in reference to 
the size of C. Effecters external to the ligand could alter L, to shift cooperative behavior. Effecters could also make Lo too small or 
too large for any allosteric behavior to appear. 

1. Introduction 

When Kirschner et al. [l] looked at the chem- 
ical relaxation of the binding of NAD+ to yeast 
D-glyceraldehyde-3-phosphate dehydrogenase, 
they could easily evaluate all parameters on the 
basis of the Monod model at 40” C and pH 8.5. 
The restriction in temperature and pH was given 
by the fact that the introductory equilibrium titra- 
tion experiments showed slight sigmoidal char- 
acteristics only under these conditions. Actually, 
the difference between the two individual (intrin- 
sic) dissociation constants was quite small: c = 
K,/K, = 0.35. They found L, = [T,]/[R,] = 30.5, 
giving L, = cnLD = 0.45 with n = 4. Their com- 
paratively large value for c (meaning: weak coop- 
erativity) allowed them to ‘detect’ the intercon- 
version of states for several Li (= [T;]/[R,]). 
However, they were not able to detect L, and L, 
directly because of the detection limit. This is 
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indicated in their fig. 6c, where 1,‘~ (the inverse 
slowest relaxation time) is already rather steep at 
the lowest concentrations of NAD’ used. 

High cooperativity is indicated by c I 0.1. In 
this case, only very few L; are directly detectable 
by chemical relaxation. The limit in the detection 
is given by the relative size of the observed equi- 
librium concentration change for the slowest re- 
laxation process (involving the interconversion); 
actually, the equilibrium signal change is the key 
parameter, which will be discussed briefly_ Equi- 
librium signal changes were first considered by 
Czerlinski [2-41, and later with some modifica- 
tions by Thusius [5]. They will be considered here 
in some detail to demonstrate the limitations in 
detection specifically for c I 0.1. 

2. Basic considerations 

To facilitate the discussion, the original scheme 
of Monod et al. [6] is shown in fig. 1 with the 
following changes. The arrows for ligand binding 
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Fig. 1. Monad’s model of allosteric interconversion for four 
bindmg sites of the ligand F, indicating by the thickness of the 
arrows the direction of the unimolecular intcrconversions and 
adJusted such that the concentrations of R 1 and Tz are equal. 

are arranged vertically with each participant in a 
reaction step having part of an arrow pointing to 
it. All isomeric interconversions are indicated by 
horizontal arrows. The thickness of the arrowheads 
of the double-ended arrows indicates the direction 
of the interconversion equilibria, set to equal unity 
for the ‘middle’ interconversion in fig. 1 and for 
the last interconversion in fig. 2 (with n = 4 being 
the total number of binding domains). Figs. 1 and 
2 represent two specific cases, which will be dis- 
cussed under various conditions. 

If i is any number between 0 and n, the 
interconversion constants are defined by (brackets 
denote concentrations, subscripts designating the 
number of ligands bound) 

L, = [T,]/[R,] with L, > 1 

The intrinsic dissociation constants for the two 
states are K, and K, with their ratio given by 

c=K,/K,il (2) 

Because of the cyclic character of the system (i = 
l,...,n) 

L;= CL,_, (3) 

The relation to unity in eqs. 1 and 2 is one of the 
basic definitions of the system with, in general, 
L" x- 1. 

The arrows in fig. 1 have been arranged such 
that L, = 1. The remaining L, are then easily 
computed using the value of c and eq. 3. Strong 
cooperativity is indicated by c 5 0.1. However, 
this condition makes the concentrations of R, 
compared to T, and of R, compared to T, ‘negli- 
gibly small’ under most experimental conditions. 
After the interconversion (L, = 1) the relation- 
ships are reversed: the concentrations of T4 com- 
pared to R, and Ts compared to R, become 
negligibly small under most experimental condi- 
tions. Thus, the model of fig. 1 reduces to that of 

Lo \ 
0 To 

F k-l 

Fig. 2. Monad’s model of allosteric interconversion for four 
binding sites of the ligand F, indicating by the thickness of the 
arrows the directlon of the ummolecular interconversions and 
adjusted such that the concentrations of R, and T4 are equal. 
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R4 To 

Fig. 3. The model of fig. 1 simplified under the condition that 
the ratio of intrinsic dissociation constants is sufficiently small, 

meaning: c = K, /K, < 0.1. 

fig. 3. Fig. 3 may include the rate constants k, 
and k, with L, = k,/k2. 

The arrows in fig. 2 are arranged such that 
L, = 1. The remaining Li are then easily com- 
puted‘with the value of c and eq. 3. Now, condi- 
tion c I 0.1 leads to the unusual result that the 
concentrations of R,-R, are negligibly small 
compared to the corresponding T,. Only [R4] = 
[T,] at equilibrium (as L, = 1). One obtains the 
reaction scheme depicted in fig. 4. Chemical re- 
laxation times for the sequential reactions of figs. 
3 and 4 may easily be derived [4]. 

The condition c I 0.1 allows further simplifica- 
tions for an initial estimate of parameter values. 
At very low concentrations, only the conversion 
from T, to T1 needs to be considered. If the 
equilibrium constant for this dissociation process, 
K l,T, is quite small (as for the binding of CaZf to 
calmodulin), the simplifying experimental condi- 
tion of ‘buffering’ (meaning ligand [F]’ B total 
concentration of the allosteric protein) cannot be 
implemented. One therefore implements [F]’ = 
[To] + [T,]. The optimum for detection of chemical 
relaxation then lies at [T,] = [T,] = K,,,, and thus 
[F]’ = 2 K, T. 

Depending upon the indicating parameter, one 
either implements [F]’ = [To] + [T1] + [T2] + [R2] 
or K,, [F]’ z+ [To] + [T1] + [T2] + [R,] for the 
study of the second dissociation process of the 
system of fig. 3. The same choices apply for the 

system of fig. 4, except that [R2] = 0 in both 
relations ([To] may also be negligible under most 
conditions). 

Similar relations apply for the study of the 
third and fourth dissociation processes, except 
that the condition of equality of [F]’ with the 
concentrations of the ligand receptors is less likely. 
Thus, for the system of fig. 3 one observes K,, 
PI0 z=- El + [R21 + [Rx1 and K,, PI0 S- [R31 + 
[R4]. On the other hand, for the system of fig. 4 
one observes K,, [F]‘z=- [T2] + [T,] and K4, IF]’ 
z+ IT31 + Kl+ UW 

Figs. 3 and 4 represent idealized systems. Many 
other systems are possible, leading to changes in 
the relationships between [F]’ and the concentra- 
tions of ligand receptors. 

Strong cooperativity was defined by c 5 0.1. In 
contrast, weak cooperativity may be defined by 
1 > c > 0.1. The above simplifications are not ap- 
plicable for weak cooperativity and the equations 
of Kirschner et al. [l] need to be applied. How- 

Fig. 4. The modeb of fig. 2 simplified under the condition that 
the ratio of intrinsic dissociation constants is sufficiently small, 

meaning: c = KR/KT 5 0.1. 
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dissociation constants K3 and K, cannot be fur- 
ther expressed. One then obtains ([CAM]’ = total 
concentration of calmodulin) 

[R,] = [cAM]‘/~ 

with 

(6) 

b = (1+ [F]/K,)2 + L,(l + c[F],‘K,)2 

+ ([FIB, >‘([Fl/K,(l + [I%‘&)) 

If [F], the concentration of free allosteric effector 

(Ca ‘+ for calmodulin), is determined indepen- 
dently, b and thus [R,] may be computed. It is 
then easy to determine all the concentrations. 

With [R,] known, all other concentrations of 
the components of calmodulin may be computed 
with eqs. 1, 4 and 5 (in generalized form). One 
may then formulate the ratios 

YR = [all R-forms with one or more Ca bound]/ 

[CAM]’ (7) 

Y, = [all T-forms with one or more Ca bound]/ 

[CAM]’ (8) 

These ratios are also readily computed (see ref. 4) 
for the hybrid system of fig. 5 (containing terms 

Fig. 6. Eq. 7 plotted as lower curve and eq. 9 as upper curve 
with (CAM]’ = 10 PM. The abscissa gives the logarithm of the 
total concentration of calcium (in PM, relative to 1 PM). The 
following parameter values were used: L, = 100. c = 0.1. K, 
= 1 pM and n = 2 (from model of fig. 5), K, = 8 pM. K, = 32 
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Fig. 7. Eq. 7 plotted as lower curve and eq. 9 as upper curve 
with [CAM]” = 10 PM. The abscissa gives the logarithm of the 
total concentration of calcium (in ,uM. relative to 1 FM). The 
following parameter values were used: Lo = 4, c = 0.5, K, = 1 
pM and II= 2 (from model of fig. 5), K,=8 pM, K,=32 

PM. 

like those in b below eq. 6). One may also express 
the sum: 

Y= YR + Y, (9) 

Figs. 6 and 7 show graphs of Y, (lower curve) 
and Y (upper curve) for a specific set of parameter 
values given in the figure legends. It should be 
pointed out that the logarithm of the concentra- 
tion of Ca in PM (relative to 1 PM) is given on the 
abscissa. The difference between the two curves 
indicates that substantial amounts of T, and T, 
are present at lower concentrations of Ca. The 
upper curve reaches its saturation level at [Cal’ = 
3(CAM]’ for fig. 7, being slightly higher for fig. 6. 
While cooperativity is strongly indicated in fig. 6, 
it is weak in fig. 7. In fact, the cooperativity is so 
weak (c = OS) that one may not observe any 
indication of allosteric behavior in ordinary titra- 
tions (observing only Y). One needs R-specific 
indicators to discern the difference shown in fig. 7. 
Tryptophan, suitably incorporated into calmodu- 
lin by site-directed mutagenesis, could be such an 
indicator (Czerlinski, manuscript in preparation). 

4. Discussion 

The condition c 5 0.1 allows one to express 
cyclic allosteric systems in terms of linear reaction 
sequences (figs. 3 and 4, respectively), leading to 
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simplified expressions for the chemical relaxation 
times of the system. However, cycles cannot be 
omitted if Lj. L,_l = 1 and c = 0.1 (e.g., L, = 0.33, 
L,_, = 3.3). As far as chemical relaxation is con- 
cerned, it is assumed that the slowest relaxation 
time is associated with the allosteric interconver- 
sion. This assumption may not always be fulfilled 
(which would not affect the equilibrium considera- 
tions). 

The extent of cooperativity is indicated by the 
value of c: The smaller the value of c, the higher is 
the cooperativity. However, the concentration of 
ligand F at which this cooperativity becomes most 
pronounced, depends upon the size of L,, con- 
nected to any Li by eq. 3. When Li is near unity, 
switch-over from the T-state to the R-state takes 
place. 

Allosteric effecters may alter the magnitude of 
L,. If L, is increased by an effector and c remains 
constant, switch-over from the T- to R-state oc- 
curs at higher values of i than without effector. 
Alternatively, if L, is decreased by an effector 
and c remains constant, switch-over from the T- 
to R-state takes place at lower values of i than in 
the absence of an effector. An effector abolishes 
allosterism (with c constant) when either L, K 1 or 
PLO 2 10. In the former case, only R-states are 
present, and in the latter, only T-states, at any 
iFlo. 

The effect of different values of L, and c on 
the shape of curves for the hybrid model of fig. 5 
is demonstrated in figs. 6 and 7. In both cases Y, 
and Y have been plotted. Experimental distinc- 
tion is possible only if binding of F to R differs 
from that to T and this difference shows up in the 
indicating parameter (offered by fluorescence). 

It should be mentioned that cooperativity de- 
rived from the conditions of eqs. 1 and 2 is not 
always associated with an isomerization model (of 
Monod et al. [6]). The polymerization model may 
also be present [8]. The polymerization model can 
be easily distinguished from the isomerization 
model, as the former is dependent upon protein 
(enzyme) concentration, whereas the latter is not. 
Furthermore, kinetic detection of the (unimolecu- 
lar) isomerization rate constants would prove the 
validity of an isomerization model. 

All the above kinetic considerations implied 

that the time constants for the allosteric intercon- 
versions are much slower than those for the bi- 
molecular associations. If they are not much 
slower, more complex equations apply (see ref. 4). 
If, on the other hand, the interconversions are 
much faster than the bimolecular steps, different 
considerations apply, given in the appendix. 

Appendix 

One special case was not considered in the 
above derivations: The unimolecular interconver- 
sions are much faster than the bimolecular associ- 
ation steps. In these cases, one could still obtain 
information from consecutive fast relaxation times, 
if these time constants are not too close together. 

One readily derives (see eq. (2-53) of ref. 4 with 
Z, = [T;] and thus K,,, = L,): 

A[&] L, AL I 
Pi1 + PiI = (1+ Li)* LJ 

(Al) 

AL,/L, is directly related to the enthalpy change 
for this reaction step and is assumed to be 0.1 for 
convenience of evaluation. A[R;]/([R;] + [T,]) 
(which equals A[T;]/([R;] + [T,])) is the observed 
relative concentration change, which has a maxi- 
mum at L, = 1, decreasing on both sides (to l/3 
of maximum for L, = 10 and l/10). In other words, 
individual relaxation processes are experimentally 
accessible for 0.1 I Li I 10. 

To consider chemical relaxation, the rate con- 
stants k, and k, are defined as being associated 
only with L, (in contrast to the definitions in the 
main text), meaning 

642) 

AS Li = Lot’, the factor cl may be coupled with 
either k, or k, (the two cases of degeneracy [S]), 
or: 

L, = (k&)/k, 643) 

Li = k2( c’/kl) 644) 

These relationships have significance only for the 
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kinetic evaluations. In principle, one may dis- 
tinguish the following n + 1 fast relaxation times 

T,-’ = k, + k2c’ I (A5) 

‘i -I =k,/c’+kz (fw 

The relaxation time T,, then refers to the relaxa- 
tion time for the interconversion with L,,. 

Although one may write n + 1 expressions for 
relaxation times, only those for which 0.1 I Li I 10 
may be detectable (see above). However, if these 
relaxation times are closer than factor 3 (this 
factor also depends upon the precision of the 
measurement and could become as small as 2) 
they can no longer be separated from each other. 
Separation requires T~+J~, > 3 or T~+~/T~ < l/3, 
or c < 0.33. If c < 0.1, only two relaxation 
processes may be detectable. If c -=x 0.1, only one 
relaxation process may be detectable (or even 
none under unfavorable conditions). Thus, if the 

interconversions are fast, there may be only one 
concentration range of the effector within which a 
fast relaxation process is detectable. However, if 
L, and c are determined independently, the corre- 
lation of this interconversion to that involving L, 
and c can be established. 
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